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Effect of S t ress- f ree  Edges in Plane Shear
V of a Rectangular  Or thot ropic  Reg ion

S. Nair

V Univers i ty  of Cal i forn ia , San Diego
La Jolla , Cal i fornia

ABSTRACT

The plane elastic problem of a r ec tangular  or thot rop ic reg ion is
considered; subject to the bounda ry condit ions of p r e s c r i b e d  equa l and
opposite tangential displacements and zero  normal  disp lacements  on the
upper and lower edges and zero s t resses  on the remain ing  edges.  The
effect  of the s t r e s s - f ree  ed ges on the  s t i f f n e s s  c o e f f i c i e n t  r e l at i n g  t h e
tangential  disp lacement and the co r respond ing  s h e a r i ng  f o r c e  is es t imated
in the form of upper and lower bounds for this coef f ic ien t .
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Effect  of S t r e s s - f r e e  Ed ges in Plane Shear
of a R e c t a n g u l a r  O r t h o t r o p i c  R e g ion

-• INTRODUCTION

In what follows we consider  the plane problem of a rec tangula r

elastic reg ion which  represents  an or thot rop ic lamina of unit  t h i cknes s

• in plane s t ress  or the c ross  section of an inf in i te ly long o r t h o t r o p ic pad

V 
in plane strain. The boundary condi t ions  cons is t  of p r e s c r i b e d  equa l

and opposite tangential and zero norma l disp lacements  on the upper

and lower edges and zero t rac t ions  on the remaining two ed ges. Our

objective here  is to obta in upper and lower bounds for the s t i f f n e s s  coef-

V ficient relating the p resc r ibed  tangential  disp lacement  to the shea r f o r c e

• required to produce thi s displacement. An e lementary approximate  solu-

tion to this problem may be obtained by cons ide r ing  a state of pure  shear

within the reg ion , which woul d necessar i ly exclude the e f fec t  of the  s t r e s s -

f ree  edges. In previous work r 1 J, Read obtained bounds for  the s t i f f n e s s

• coeff ic ient  including the ef fec t  of the s t r e s s - f r e e  ed ges in the  case  of

isotropic materials throug h the use of the Prager -Synge  hy p e r c i r c i e

method [2] . Our approach he re  consis ts  in the simul taneous  app l ica t ion

of the principle of minimum potential energy  and the p r i n c i p le of min imum

complementa ry energy to bound the s t i f f n e s s  coef f ic ien t .  These  ene rgy

principles have been used previously to obtain bounds for  i n f luence  coef-

ficients associated with cer ta in  two dimensional boundary value problem s

V in the case of can t i lever  beams r 3] and in the  case  of cy li n d r ic al s h e l l s

[4]. Our approach d i f f e r s  f rom that  in ~ I ]  in the i n t e r p r e t a t i o n  of the
V bounding func t io r ia l s  and g e n e r a l i z e s  the  w o r k  in [1 2 by c o n s i d e r i n g

or th o t ropy  and  b y r e m o v i n g  a r e s t r i c t i o n  used  in [1 , tha t  t h e

th ickness  to l eng th  rat io  of the r e c t a n g u l a r  reg ion is sma l l  compared

to unity.  The gene ra l  bound r e su l t s  obtained for  the o r t h o t r op i c ca se

are  spec ia l i zed  to the  i so t rop ic  case so as to ob ta in  i m p r o v ed  num~~r i c a 1

results for the case cons idered  in 
[1]. 1
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• We complement our  bound calcula t ions  by p r e s e nt i ng  exact

• express ions  for  the s t i f f n e s s  coe f f i c i en t , t h r o u g h a p p r o p r i a te  m o d i f i c a t i o n

of previous  resul ts  of R e i s s ne r  [5 ]  and Hildebrand [6] ,  in the l i m i t i ng -

• 

* type orthotropic cases for which Young ’ s mo dulus in the  d i rec t ion  no rmal

V 
to the s t r e s s f r e e  edges takes on the values zero  or inf in i ty ,  res pect ivel y.

THE BO UNDARY V A L U E  PROBLEM

We consider a rectangula r reg ion with boundar ies  x = ± a and

y = ± c. We assume that the bounda ry por t ions  y = ± c are  subjected to

uniform disp lacements ±U in the x-direct ion and that d isp lacements  in the
V 

y-direct ion are  prevented. The boundary port ions x ± a are  assumed

to be tract ion f ree .

We have as d i f f e ren t i al  equations for  s t r esses  and s t r a ins

a + T 0 ~ + a  0 ( 1 )
• x , x , y  , x y , y

and

C = U  , ( = v  , y = u  + v  (2)
x , x y ,y  , y  , x

and the rewi th  as bounda ry condi t ions

V y = ±c ; u = ±U , v = 0 (3)

x = ± a  ; 
~~ 

= 0  , r = 0  (4)
x

We assume the medium to be o r tho t ropic with cons t i tu t ive

relations

a a a a
; ....Y_ • - ; ..

~~~~~~
. - L 5‘x E E ‘ E~ E E ‘

x in y m

where  E ~J E  E , with E , E , ~ and G being cons tan t s .
m x y  x y

For the case of i so t ropy and p lane s t r e s s  we have

E = E E, ~‘ v and 0 ~ E / ( 1  + v) (Ga)
x y

and for  the case of i so t ropy  and p lane s t ra in  the co r r e spond ing  re la t ions

_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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are

• • E = E E/(1 - v2), ; = v / ( J  - v) and G = 1 E/(J + v). (6b)
x y

For the strain energy to be posi t ive  def ini te  we must  have I~l< ~
The prescr ibed  edge disp lacements u(x , ± c) = ±U a r e  associa ted

with forces

± p = S_ a r(x , ±c dx , (7)

in the form

P = K U ~ (8)
V 

with the values of the s t i f fness  coefficient  K being the p r inc iple objec t ives

of the following considerat ions.

As an elementary approximation we may assume that the e las t ic
V 

reg ion is in a state of pure shear , that is ,

u = U y / c , r = U/Gc , v = a  =~~~ = 0 (9 )
* 

x y

with the cor responding  value of the s t i f fnes s  coef f ic ien t  being g iven by

K = 2Ga/c. (9)
0

UPPER A N D  LOWER BOUND EXPRESSIONS FOR K

From the pr inc i ples of minimum potent ia l  energy  and m i n i m u m

complementa ry  energy we have as inequal i t ies  for  the wo rk quan t i t y  PU ,

• I � P U � I  (II )s d

where
—~~~~ —

Zt’O O a’
• 

= 2U j~
a 

~r (x,c )dx - 

~ S~c J’
~a t - 

E 
X 

~ + -~~~~~ + -
~~~~ ~~ dy ( 1 2 )

m y
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I ~
and

• = 
~ • J%C 5

a 
1E 72 + 2~~E 7 7 + E7’  f ~~~~~~~~~~~~ dxdy ( 1 3)d -c - a ( x  x m x y y y

where

(E , E , E) = (E , E , E )/(I-~~~). (14)
V x m y x m y

• For ( 1 1 )  to be valid the s t r e s s  components  
~~~ , 7 must satisf y the

equi l ibr ium equations ( 1 )  and the s t r e s s  b o u n d a r y  condi t ions  (4 )  and the
I: strain components 7, ~ must  be d e r i v e d  f rom d i sp l a c e m e n t s  7~, ~ w h i c h

sat isfy the boundary  condi t ions  (3) .

Substi tut ing for  P f rom (8) ,  equat ion ( 1 1 )  becomes a system of

inequal i t ies  for K ,

I / U 2 �K ~~~i / U 2 . ( J 5 )
• s d

• In order to obtain upper bounds K and low er bounds K, we

consider  the set of disp lacement  and  s t r e s s  a pp r o x i m a t i o n s

= U[~ +~1 - 

~~~~ 

F2(~~)J ; ~ =

~~~~ 
(i - ( 1 6 )

ZGU 1 
~2

(E)
~ ~ ~ U [f() +(

~ 
- 

~
) f~ (t)]

(17 )

where

x/a  and  p c /a  (~~8)

and w h e r e  p r imes  i n d i c a t e  d i f l e  r~ ntiatLo n w i t h  r e~~pe t to

4

-•



The expressions in ( 1 6 )  satisf y the  disp lacement  boundary

cond itio ns f o r  all choices of F1 and F2 . The express ions  in (20) satisfy

• the equilibrium equations (1) for all choices of f1 and  f2. In order to

s a t i sf y the stress boundary conditions (4) they must be such that

f1(± 1) = f2 (± 1) = f~~ ± l = 0 . (19) 
V

We note that the approximat ing  funct ions  used in n j  a re  subsets  of the

V above class of functions.

-
~~~~~ Obvious symmetries pertaining to the bounda ry value problem as

stated require that F2 and f1 must  be even funct ions  of ~ whereas F1 and
V f 2 must be odd functions of

Using (l6),( 13) and (17) in (12) we Dbtain , after cVJmp l e t i n g all  
V

y - i n t e g r a t i o n s , V

K I 8E* p2

* 

- 
~~~~ F~F1 + 

3~~~~2 F~ ~~~~(F ~~)2} d~. (20)

= 
~~ 

- 
~~~~2 

~ - + -
~~~~~ (~ + 5 ;G) £ f~

— ± 0_ 
— 
~~ 

— 
4 

~
2.(f ” )2kd (21)

3 E ~ 2 2 75 2 1575 E 2
x y

• 
where  K = ZGa/c .  It remains  to m i n i m i z e  the  func t iona l  (20 ) and  to

max imize  the funct iona l ( 2 1 ) .  We note that  our  elem e n t a r y  ap p r o x i m a t i o n

(9) co r r e sponds  to the  a s s u mp t i o n  F1 = F2 = 0 in ( 1 6 ) .  F u r t h e r m o r e ,

f rom (20)  we have  K < K •u 0

FIRST APPROXIMATIO N UPPER AN!) L O W E R  BOUNDS

We obtain a r e l a t i v e l y s imp le f o r m u l a  f o r  the  upper  b o u n d  b y

set t ing F2 (~~) 0 in the e xp r e s s i o n s  ( 1 ( I )  f o r  ~~~ and ~~~. Then  the  u p p e r

5
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bound coef f i c ien t  (20)  may be w r i t t e n  as

~~~~~ 

=
~~~ 

S’~{’ 
+~~~ F~ + 

3Gp2 F~ +~~~~~ (F~~ ) 2 }d ~~~ . ( 2 2 )

Minimiza t ion  of (22)  results  in the Euler d i f f e r e n t i a l  eq ua t ion
V 

* 

5E~
V F~’ 

- 

ZGp 2 F1 0 (2 3)

and the Euler boundary conditions

F~ (± l )  = -
~~~~~ (24)

w h e r e , as stated ear l ie r , F1 (~ ) is an odd func t ion  of

The minimum value of K fol lows f rom ( 2 2 )  and ( 2 3 )  as
* u

K
2

= I + - ~
- F1 ( 1 )  . ( 2 5 )  V

0

The solu t ion  of (25)  subject  to the b o u n d a r y  cond i t i ons  ( 2 4 )  is ,

V sinh A
F - -~~-~~- ° 261 - 

‘tA0 cosh A / p

• whe re

= .J5 E~ /2G (27)

1~Using  (26) in (25) we obtain the first approximation upper bound ,

K

(28) *

We next c a l c u l a te  a lower  bound b y set t i ng  
~2 0 in equation 

V

( 17 ) .  The lower bound c o e f f i e i c n t  ( 2 1)  w h e n  f2 -
~ 0 reduces to ,

6 
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=~~~~$I 
~{2f1 -

~~~~~~~~~

-- (f 1’)
2 

- f~}d ~ ( 29)

- *

. 

with the cons t ra in t  condit ions f1 (± 1 )  = 0. Maximiza t ion  of (29)  r esu l ts

in the Euler differential equation

• 3E 3E
f” —I f - 301. Gp 2 ‘ G p 2 

V

and in a maximum value of K in the form

H K
~~ f1d~ . ( 3 1 )

Use of the solut ion

cosh A t / p
= I — (32)cosh ~~ / p

• whe re

A 0 = .J3E,,~
/G

gives the lower bound expression

K
= - tanh . (34)K p

0 0

Having the f i r s t  a p p r o x i ma t i o n  bound f o r m u l as  (28 )  and (34)  we note t ha t

we may app rox ima te  t he  h y p e r b o l i c  t angen t  f u n c t i o n s  b y unity for suf-

f i c i en t l y l a r g e  va lues  and A0~ say for  A .  > 4p, to obtain

I - p ~ 
-
~~~

- � I - 
•

•

t~~~~~~~~~~~~~~~~~~~~~~~ *
V 

~~

U s i ng  (Ga ) a n d  (Gb )  we obta in  in t h e  case of i s o t r op ic p l a n e

7
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stress the bound inequality,

1-  
_ _ _ _  

p~~~~~-~~ i -1~~
/ i - v p (36a)

,j 6 (l + v)

and in the case of plane s t rain the inequality,

- I’ - V ~~ 
- 

~~~~~~ 

( 36b)

The bounds given by (36b) a r e  identical to those obtained in r i~i .

As important  proper t ies  of the bound fo rmulas  (28) and (34) we note

that a) the effect  of the s t ress  f ree  edges is to decrease  the s t i f f n e s s

and b) these  f i r s t  approximat ion  boun d c o e f f i c i e n t s a r e  independen t

of the elastic constant E
x

IMPROVED UPPER AND LOWER BOUNDS

In o rde r  to improve  the bounds (28)  and (34)  we next  cons ide r

the comp le te  expres s ions  (20)  and ( 2 1 )  for  K
u and K~,. M i n i m i z a t i o n  of

(20 )  with r e spec t  to F1 and F2 g ives  the Euler d i f f e r e n t i a l  equa t ions

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 37a)

F~ 
~ E~ p

2 F2 -

~~~~~ E~ p2 (i 
+ 

vE~~

) 
=0 (37b)

• and the Euler boundary  condi t ions

F2 ( I )  =~~~~~~ , F~ ( l )  
2 E~ : V P 2 

j~~~~~~ ( 38) 

•

V x

A p p r o p r i a t e  i n t e g r a t i o n s  by p a r t s  and  use of ( 3 7 )  and  (~~~) enab l e s
V us to obta in the n i in imurn  v a l u e  of ( 2 0 )  in the  fo rm ,

8

V 
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K 
2

= 1 +~~ F1 ( 1 )  ( 39)

V Upon solving the system of d i f f e r e n t i a l  equat ions  (37)  subject  to
V the boundary condit ions (38) and subs t i tu t ing  for  F1 ( I )  in ( 3 9 )  we obta in

K
u2 - A1 A2

— = - tanh — tanh — (40)
V 

V 
K 6 x

where  A 1 a re  the roots with posi t ive real  p a r t s  of the equat ion

V 

A4 [1 - 1
~~

-
~-a~ ~~ 

-

~~~~~ V E~~~

] ~~~~~~~~ 
-~: = 0  ( 4 1 )

V and whe re

G A, A1
= G + ~‘E~ 

M2 tanh — - 4~ tanh —)
in

A, * A1 A1 A21
+ ~ (A~ tanh — - A? tanh —) +  x (A2 t anh  - A~ tanh —)I 

(42)2 p p 3 p p j

wi th

7;E~ ‘5E~~~’ - 5E~
— 

n-i (_ i ~ I - .7 v2 
- j~ I

X1 
— 

60 A1 A, - 
\ 

ZG ,/ A1 A2 
‘ X2 

- 

20 A1 A2

yE* 5E~ 7vE~
- ~~~~ - - m 

(4 3 )— 

0 20 4E~• x

V When A1 1 p ~ 4 , K may be a p p r o x i m a te d  by i ts a sym p t o t i c  Iorrn ,

I - p (A 1 + A2)/[~~~~ :~ 
4 A 1 A 2J . (44 )

Next  we p r o c e e d  to OI)t~~in . in  a s i m i l a r  f a s h i o n , an im p r o v e d  l o w , V r  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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bound for K. However , maximization of the functional (2 I )  as it s t ands
V would require the solution of a sixth order differential equation. In

order to avoid i nc r ea s ing  the  o rde r  of our problem beyond the  f o u r t h

we shall in what follows , maximize the expression ( 2 1 )  by a s s u m i n g  V

f 1 (~
) as given b y the f i r s t  app rox ima t ion  c a l c u l a t i o n s .  In t h i s  way the

resul t ing  Eu le r  di ff ere nt ia l equa t ion is th e f o u r t h o r d e r  eq ua t ion ,

42E 525E 105E -

- + = - 

2Gp’ (i + ~ ~~~1)f ~ ( 4 5)

with f~ co r re spond ing  to 
~1 

in (32).

The cons t r a in t  condi t ions  on f, in ( 19 )  and the  d i f f e re n t i a l  equa t ion

(45) in conjunct ion  wi th  app rop r i a t e  i n t e g r a t i o n s  b y p a r t s  enab l e us to ~~~ V r i t e

the max imum value of the func t iona l  ( 2 1)  in the  fo rm

= 1 - ~~~~
— tanh - L . 

(i + ~ ~-) s~ 
f, ’f ,d~ . (46)

0 0 Tn

Upon solving the non -homogeneous  equat ion ( 4 5 )  subjec t  to the

• appropr ia te  boundary  condit ions and eva lua t ing  the  i n t eg ra l  in ( 4 6 ) ,  we

obtain as  improved  lower  bound expres s ion

K X 4 x ( l  4 5v0/ E
~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

in 
(47

K - - 6 ~4 
- (A~ + A~~)X ~ +

w h e r e  A 1 a r e  the roots with  pos i t ive  real pa r t s  of the equat ion
•

A4 - 42 ~~‘ + 525 = 0 , (48)

and where

= , ( 4 9 )
0

p --

10
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with

V tanh A / p
= 

A0 
- 

p cosh2 A0 / P  
(50)

2(X~ - A~)

V ~~l ~~ p..2 - ~~2~~j~~2 
—V~ 

A~~~l’*A  ~~~0 0

(A 1 tanh A / p  - tanh X1 / p ) ( X 2 tanh A / p  - A tanh ;~2 / p )
X 

A1 tanh A2/p - A2 tanh A1 /p 
. ( 5 1 )

When A. / p  ~ 4 , K~,2 may be approximated  b y its a sympto t i c  f o r m ,

K r X4 ( i  + 5v GIE  )2
V 

— I ~~ I i ~ 0 fl-i (52)
K 

- 

A 0 L 

- 

6 (A + X 1 ) ’(X 0 + A 2 )

We note that the asymptotic f o r m u l a s  (35 )  , (44) ,  and (52)  c o r r e s p o n d

V to the assumpt ion  of the exis tence of boundary  l a y e r s  in the nei g hborhood
V of the ed ges x = ±a. In the e x p r e s s i o n s  for  K and K~ th e l ead ing  te rms

represen t  the in ter ior  solution contribution in the s t i f f n e s s  c o e f f i c i e n t
I co r responding  to a state of pu re  shear.  The r emain ing  t e r m s  r e p r e s e n t

the boundary  layer cont r ibut ions .  Wi th in  these  b o u n d a ry  l a y e r s  the
V in ter ior  shear  s t r e s s  U/Gc  undergoes  a rap id t r a n s i t i o n  to a t t a i n  the  v a l u e

zero at x = +a. The approximate  boundary  layer  t h i c k n e s s  ob ta ined  in

[ I ]  for  the i so t rop ic p lane s t ra i n  case  may be g e n e r a l i z e d  to the  case  of

o r tho t ropy  by o b s e r v i n g  our  f i r s t  app rox ima t ion  so lu t ions .  For the

orthotrop ic case we have f rom equat ions ( 2 6 ) ,  ( 2 7 ) ,  ( 3 2 )  and ( 3 3 )  as  a

condi t ion for  the ex i s t ence  of bounda ry  l a y e r s

p � ,JE / G  , (53)

and the c o r r e s p o n d i n g  wid th  b of these boundary layers is given by

b Ic 0 (. /G/ E ) . V (54 )

11

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _



— - V V -

Our improved bound calculations show tha t there exists an

addit ional  set of boundary layers  ad jacent  to the edges x ± a .  We

demonstrate this by considering the characteristic equation (48) cor-

V V responding to the lower bound calculat ion w h i c h  may be cons ide red m o r e  V

relevent  in the context  of a boundary  layer  es t imate  p e r t a i n i n g  to s t r e s s

t r ans i t ions .  As condit ions for  the exis tence  of these  addi t ional  b o u n d a ry

layers  we have

E /G=0(l ) , p~~~t/E /E (55)m y x

I < < E  Ic , p ~.V ,J E  I c  (56)  
V

m y

The widths of these boundary layers are g iven by

E
~~

/G 0(1) b
1
Ic = 0 (4v

/E
x
/E

y
) i = L 2

I << E Ic , b Ic = 0 (.JE I G)  , b2 / c  = CL . 
V _

~~f E  (
in I x y

• It is apparent  f rom ( 5 4 ) ,  ( 5 7 ) ,  and ( 5~~) t ha t  t h e r e  C x i — t  t \ \ - b o u n d a r y

layers near each stress-free edge , for all value s of t ’;e pa raui ,V t er L. /

As far as the numerical calculation of the b O U n d S  i s  c o n c t r  .~~~~V d  ~• .

may use the asymptotic formulas (35), (44) and (~~2) w h e n t v , V r ,

Mir i (ReCA .. X~~ A A 4
I V 0 0

• as these fo rmulas  involve  the approximation t a nh  (~~~
, ) /~- I .

The roots of the characteristic equation .. (41 and ; -) a rI .~ . - r i . ’  r h

• complex. As conditions for real roots we m u s t  h a v e

V 2 5 I - . 7t ’~~ I - t ’ 0’ 7; G
V 

~~ I - 
~~ 

4 K’ 
- —i- ~~~~~~ (‘0

m j1 05 in m

V 

for real A1 and A2 and

0
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V 

f o r  real 
~~ 

and A2

The improved upper (or lower) boun d ob ta ined  h e r e  is not v a l id

V when the equal i ty  si gn ho lds  in (60) (or  in (6 1) ) .  However , e x p r e s s i o n s
- - •  for the bound coe f f i c i en t s  may be deduced from the  f o r m u la  ( 4 0 )  (or  ( 4 7 ) )

V 

• 
- 

by laking the l imi t  as A1 A , (o r A 1 A 2 ).

V I so t rop i c  p lane s t r e s s  case.  In t h e  c a s e  of i s o t r op i c  p lane  s t re s s  we

V use (6a) in (40) and (47 ) to evaluate the improved bounds. Fig. I shows a V

plot o f K , K , K and K ag a i n s t  p = c/a for t he  plane stressUI u2 )~2
probl em wh en v = 1/3. Th e plots show that  the  exac t  f o r m u l a s  and the

cor responding  asymptot ic  fo rmula s ( l i n e a r  f u n c t i o n s  of c / a )  a r e  in-

d i s t i n g u i s h a b l e  in the  r ange  0 c c / a  � I , wi th  c/a  = I r e p r e s e n t i n g  a

square  larnina.  The maximum e r r o r  in employ ing the ave rage  of the

improved bounds in place of the exact  s t i f f n e s s  c o e f f ic i e n t  comes out

to be about 0 .9% when c/a = I and th i s  e r ro r is l i nea r l y dec reas ing
with dec reas ing  values of c/a .  The c o r r e sp o n d i n g  e r r o r  in u s i n g  t he
first approximation bound expressions comes out to be about 4~~1.

I Orthot ropic  case.  In the case of o r t h ot r o p ic m a t e r i a ls  the bound

formulas (40) and (47) suggest the use of the parameters

= G/
~IEx

E
y 

= .JG/E~ c / a  (62)

with ~ representing the effect of the elastic coefficient E . Fig. 2
shows p lot s of  K , K , K and K against p~ when ; = 1/ 3 , ~t = 10.

Ui U2 J~2 11

As p ° increases the d i f f e r ence  between the  upper bound K and the

V 
exact result becomes significant , althoug h the r e ma in in :~ bounds  

U2
K and K are extremely close. We note that for lar~ c values of2,,~

* c~ . if 0 and E
y 
are of the same or d e r , c /a  >> I.  Then o u r  p r ob l em  is

equivalent to that of a vertical beam wi th  l e ng t h  2c ri nd t h i c k n e s s  2a

subjected to p r e s c r i b ed  d i sp l a c e m e nt s  ( z e r o  d i s p l a ce me nt in  t he  a x i a l

~L -~~ V

13
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and 2U in the tangential directions at one end and the o the r  end f i x e d ) .

We have from (34)

=~~~~~~~ [-~~~~j~~~~~tanh J~~~ J 
(63)

and when c/a >> I .using the ser ies  expans ion  of tanh A fo r  A << I , we

V get

= 2E (.~
) 

[

~~ 
- ~ -

~~~~~ 
- + 0(~

-
~-)] 

(6 4)

which is the  beam s t i f fne s s  coe f f i c i en t  wi th  a shear  de’f o rm a t i o n  f a c t o r  6 / 5 .

EXACT VALUES OF STIFFNESS COEFFICIEN TS FOR TWO L I M I T I N G -

T Y P E  O R T H O T R O P Y  C A S E S

Exact expressions for the stiffness coefficients may be obtained

in the two cases of limiting-type orthotropy by following the formula-

• tion in t5] in the case of E = 0 and by fo l lowing  the  f o r m u l a t i o n  in 6

in the ca se of E = ~~. These calcula t ions  a r e  p re sen ted  in an Appendix .

Our final results show that

K = K [i - tanh a—] (6 5)
E 0 o p

I 
~ 

tanh ~ / p
K = K I I  + p~ E —s- V V V I (6 6)
E = o L n=0 a I - p V V V (t a nh 

~~~~ ~~~~nj

wher e

= .J3/( I - v2) , a (n + F (67)

Fig. 3 shows plots of (65)  and (66 )  fo r  a wide range  of p .  These p lot s

show that the effect of E On the  s t i f f n e s s  i s  sma l l  when p~ << I in the  e n t i r ex

rang e of the paramet er ~ aLIK E .

14
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In Fig. 3 we have also plotted the mean value of the c loses t  bounds

when ~i. = 10. For the range of p* shown in Fig. 2 the mean value ~f

K and K differs from the exact values by less than 3.5% with the
V U2

V maximum of this error corresponding to p’
~ 

4. The plot in Fig. 3 sh ows
V 

that the exact result for E = 0 (
~ 

= cx~) may be used as an approximation

for K when l~ < 10 , p~ < 1 , as in th is  range the curves  for  ~i = 10 and for
V = 0 are not distinguishable.
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APPENDIX

V a. The case E .E..Q. We wr i te  the resul t ing s t r e ss  s t ra in  relat ions

in the fo rm

V a = 0 , 
~ 

= F ~ / ( I  - ;2) ,  
~~
. G y .  ( A l )

X y y y

Proceeding as in [5] the equil ibrium equations ( 1 )  a re  sati s f ied
V 

by taking

= f(x)  , a = -y f ’( x )  (A2)
y

The second equations in (Al) and (A2) along with the  de f in ing

relation ~ = v then g ive as expression for  v
y ,y

= 
1 ~~~~~~~~~~~ 

~ y’ f ’ + y g ( x )  + h(x ) 1  (A3)

Satisfaction of the boundary conditions v(x , ± c )  0 g ives

g = 0 , h = f c 2 f l  (A4)

and therewith

I _ 2 2 2- V C Y f i  A5E 2
y

V 

The const i tut ive relation for  ‘r in ( A l )  in conjunct ion wi th ( A 5 )

and the defining relation 
~
‘ = u + v then g ives f u r t h e r

• ,y  , x

- ~~~“ 
(~~X - f ‘ ( A 6)

upon taking account  tha t  u is an odd function of y.

We next obtain the d i f f e r e n t i a l  equa t ion  for  f by se t t ing  u (x ,  c) = U .

~~~ ~~~~~~~~~~~ ~ ~~~~~~~ (A 7 )

__ __ _ _  _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I ~
The remaining boundary condi t ions  ~- (±  a , y) = 0 d e t e r m in e  the

solution of (A7 ) in the form ,

cosh .~J3E /0( 1 - ~~2 ) x/ c
1 -  

_ _ _ _ _ _ _ _  
. (A8)

F cos h ,J3E /G( I - 
~
‘) a / c

Use of (A8) in the expression for the s t i f fne s s  coef f i c ien t ,

V 

K = 5a r (x ’ c )ds /U  (A9)
-a

gives

- 
-2 / 3E

(
~~~)E = 0 

= 1 - j v J  £ tanh 
,1G(1 

~Y
j~2) ~ (A l O)

• b. The case E = . In this case the const i tut ive re la t ions  (5 )  r educe
V x_

to

( A l l )  V

We consider u(y) and v(x , y) of the fo rm
.1~

u =f~
— + ~ u (y )  • v = 

~ 
X
n
(X)Y

ri
(Y) (A 12)

n=0 n =0

where P is a constant to be determined and, in order to satisfy the
V 

• conditions v(x , ± c) = 0 ,

Y (+c) = 0 (A13)

Equation (A 12) in conjunction with the c o n s t i t u t i ve  r e l a t i o n  fo r  i~~

in ( A l l )  g ives

+ G ~ Eu~ + X ’ Y : • ( A 1 4 )2a n n n V

n=0

17
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where  pr imes and dots denote d i f f e ren t i a t ion  wi th  respect  to the

V respective arguments .  V
From ( I )  we have  as an expression for 

~
,

a~~~~~~S
X r , d x .  ( A I S )
-a

Use of ( A 14 )  in (A15) and satisfaction of the boundary conditions V

a (± a , y) = 0 , g ive

V . 

u” = IX  ( - a )  - X (a) 1Y ’ /2a  . (A 16)
n n n n

As v is odd in x and even in y, i n t eg ra t ion  of (A 16) g ives

= - X n
(a) Y

n /a  . (A 17) 
V

V From the second equat ions in ( A l l )  and (A 12 )  we have

• ~ = E  ~ X Y  ( A 18 )  V

• y y
~~ =~ 

n f l

Substituting for  ~ from (A 18) and for ~ f rom (A 14 ’~ ~~~V i t h  u ’y n
as in (A 17) into the equilibrium relation between ay 

and ~ gives

~ [F X 
Y•
~ + GX ”Y j  = 0 . (A 1 9)

y n n  n n
n=0 V

The solutions of (A 19) a r e  taken in the fo rm V

• Y cos~~~y/ c  ~ X A s inh ~jE /c &x / c  (A20

w h e r e , in o rde r  to sa t i s f y (A 13) ,

2 n + 1
a = , (An )n 2

and w h e r e  the cons tants  A remain to be determined.n

18 
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We next use (A 14) to w r i t e  for the  b o u n d a r y  v a l u e s  of ,

V 

G~~~ 1
~(a , y) =~~~~~ + — L A~ 

* V
V
~~~

’ 

~~ cosh - s inh —~~~~~ 

~~1cos~n=O L G  n . jG  n c  a ~~G n cj

(A 2 2 ~

A formal expansion of P/2a in a Fourier series using the ortho-

• gona l ei genfunc t ions  cosa y / c  and se t t i ng  .r(a , y) = 0 then gives V

s~~a r / E
A P I s inh - cosh , — ~~ o’ ~ I ( A Z  3 1

V n G~ I ~ 0 n c  ‘~ C n c  n c
n L

From (A 14) and (A 17), with Y (c) = 0 , we see that V

P = S T(X , c)dx . ( A2 4 )

In teg ra t ion  of (A 17) w i th  Y as in (A 2 0 )  and s u b s t i t u t i o n  of then
resu l t ing  u in (A 12) f inal l y g ives

r tanh ., !E /G & a / c  1
• U I + 

y 
_ _ _ _ _  

(A  25 )a 
L 

a 
~~ n=0 a~ I - (tanh .~

‘E / G O a/ C ) / • V ’E /GQ a / c]

The s t i f f n e s s  c o e f f i c i e n t  K E = 
follow s from (A25) as in (66).

We note that the  above ca lcu la t ion  is s i m i l a r  to that  in [6 so f a r

• as the  solut ion p rocedure  is concerned .  However , ou r  boun da r y co ndi ti o n s

a r e  d i f f e r e n t  f rom those cons idered  in [6] .
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